MULTI-CONVEX SETS IN REAL PROJECTIVE 
SPACES AND THEIR DUALITY 

(^ ■ TAKAHISA TODA 

(N 

J>^. Abstract. We study intersections of projective convex sets in 

the sense of Steinitz. In a projective space, an intersection of 
a nonempty family of convex sets splits into multiple connected 
components each of which is a convex set. Hence, such an intersec- 
tion is called a multi-convex set. We derive a duality for saturated 
multi-convex sets: there exists an order anti-isomorphism between 

\iJ . nonempty saturated multi-convex sets in a real projective space 

and those in the dual projective space. In discrete geometry and 
computational geometry, these results allow to transform a given 

1-^ ' problem into a dual problem which sometimes is easier to solve. 

C^ , This will be pursued in a later paper. 
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> ' 1. Introduction 

(N 
^ ■ In a real projective space P, a pair of distinct points determines a 

unique projective line passing through them. However, there exist two 
line segments joining them because a real projective line is homeomor- 
O ' phic to a circle. A natural question arises how we can introduce a 

O . notion of convex sets in P. The first definition probably dates back to 

Steinitz [14j and Veblen- Young [16] according to Danzer, Griinbaum, 
and Klee |2i p. 159] and Deumlich-Elster [3]. The following condition 
/\ • is equivalent to that of Steinitz (see Subsection 12. ip : a subset C of P 

j^ ■ is a (projective) convex set if, for any two points of C, exactly one of 

the two line segments joining them is contained in C. 

A convex set C in P is contained in some afiine subspace of P ac- 
cording to de Groot and de Vries [9| Theorem 4], which implies that 
C is a convex set in the usual sense in this afiine subspace. However, 
for a collection of convex sets Ci, . . . ,Ck in P, there may not exist 
any afiine subspace of P containing all of them simultaneously. Also, 
the intersection of these convex sets may split into multiple connected 
components each of which is a convex set. Hence, we call an intersec- 
tion of a nonempty family of convex sets a multi-convex set. Our main 
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interest concerns saturated multi-convex sets, which will be defined in 
Section m 

The notion of multi-convex sets appears in the following problem in 
computational geometry: given a collection of k objects, say polygons, 
S*!, . . . , S'fc in R^, construct a representation of all lines avoiding every 
object Si {1 < i < k). By extending R^ to the projective plane P, 
such a set of lines can be represented as a set of points in the dual 
projective plane P* through the well-known one-to-one correspondence 
between lines in P and points in P*. Hence, it is useful to introduce 
the following function $ : 2"^ — )■ 2^* . For a subset S of P, we define 

$(5*) = {w* G P* I to is a line in P avoiding S} , 

where w* denotes the point in P* corresponding to the line w in P. 
Notably $ sends a convex set in P to a convex set in P*, which we will 
prove in general (see Proposition I4.1ip . Thus, the problem above is 
transformed into the problem computing the intersection of k convex 
sets $(5'i), . . . , ^{Sk) in P*, which turns out to be a multi-convex set. 
Moreover, this intersection is saturated as we will see in Section |H This 
problem will be pursued in a later paper. We remark that our problem 
is in contrast to problems concerning, for the case of R^, common 
line transversals, that is, lines meeting every object Si {1 < i < k). 
Many authors have investigated these problems from computational or 
combinatorial aspects (see [5], [6l chapter XIV], [8], [10], [17], [T8]). 

In this paper, we study fundamental properties of multi-convex sets 
and derive a duality for saturated multi-convex sets: there exists an 
order anti-isomorphism between nonempty saturated multi-convex sets 
in P and those in P*. Moreover, we show that the following two an- 
tithetical notions are reversed through this duality: components and 
co-components of a saturated multi-convex set. The notions and re- 
sults studied in this paper will serve as useful tools in studying the 
problem presented above. 

In a complex projective space, the notion of linearly convex sets 
has been studied in [12] and [19] . We shall show in Remark |3] that 
the notion of saturated multi-convex sets is almost identical to that of 
linearly convex sets defined in a real projective space. 

In Section [21 we study the order structure of the family of convex 
sets in P. We focus on the notion of irreducible convex sets, and show 
that irreducible convex sets are the complements of projective hyper- 
planes. In Section [3l we study multi-convex sets and show two separa- 
tion properties for multi-convex sets. In Section HI we study saturated 
multi-convex sets and derive the duality for saturated multi-convex 
sets. 
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Figure 1. For two nonzero vectors u,v & M.^, the gray 
area shows the set of all vectors Xu + fiv & M^ such that 
A, /i G M, A/i > 0, and both of them are not zero. 



1.1. Preliminaries. In this paper, we only consider finite-dimensional 
real projective spaces. Let V be an {n + l)-dimensional real vector 
space. We denote by P", P for short, the n-dimensional real projective 
space associated with V, and by tt the projection of 1/ \ {0} onto P", 
which sends each nonzero vector in V to the linear subspace spanned 
by the vector. The dual projective space of P is denoted by P*. 

Let p, q be distinct two points in P, and let u, v be nonzero vectors 
in V such that Tr{u) = p and ir^v) = q. The (projective) line segments 
joining p and q are defined as follows (see Figured]): 

{n{Xu + /iv) G P I A, ^ G M, A^ > and (A ^ or ^ ^ 0)} ; 
{n{Xu + /ii;) G P I A, ^ G M, A^ < and (A ^ or /i 7^ 0)} . 

In an n-dimensional affine or projective space, an (n— l)-dimensional 
subspace is called a hyperplane. In order to avoid confusing geometric 
objects in an affine space with those in a projective space, they are 
sometimes prefixed with the word "affine" or "projective" such as affine 
hyperplanes or projective hyperplanes. 

Let (L, <) and (M, <) be partially ordered sets. A subset S" of L 
is directed if it is nonempty and every finite subset of S has an upper 
bound in S. A partially ordered set is a meet-semilattice if any two 
elements have a greatest lower bound, that is, an infimum. A function 
/ : L — )■ M is called to be order preserving or monotone ii x < y always 
implies f{x) < f{y), and order reversing or antitone ii x < y always 
implies f{y) < f{x). A function /: L — )■ M is called a (order) anti- 
isomorphism if it is a bijection and both / and f~^ are antitone. A pair 
{g,d) of functions g: L ^ M and d: M — >■ L is a Galois connection 
between L and M if it satisfies the following two conditions: 

(1) both g and d are monotone; 
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(2) the relations m < g{l) and d{m) < I are equivalent for all pairs 
of elements (/, m) ^ L x M. 

Theorem 1.1 ([71 Theorem 0-3.6]). For every pair of order preserving 
functions between posets, g: L ^ M and d: M — )■ L, the following 
conditions are equivalent: 

(i) {g, d) is a Galois connection; 
(ii) do g <1l and Im ^ g ° d, 
where 1l and 1m denote the identities on L and on M. Moreover, these 
conditions imply 

(iii) d = do g o d and g = g o do g, 
(iv) god and dog are idempotent. 

2. Local algebraic closure systems consisting of 

PROJECTIVE convex SETS 

In this section, we study the order structure of the family of convex 
sets in P. We focus on the notion of irreducible convex sets, which is 
introduced in terms of order, and show that irreducible convex sets are 
the complements of projective hyperplanes. This result leads to a one- 
to-one correspondence between irreducible convex sets in P and points 
in P*. In Section m we will extend this correspondence to a duality for 
saturated multi-convex sets. 

2.1. Projective convex sets. A subset S" of P is semiconvex if any 
two points in S can be joined by a line segment which is contained in 

S. 

Definition 1 (Steinitz [S]). A subset 5* of P is a (projective) convex 
set if S is semiconvex and there exists a projective hyperplane avoiding 

S. 

Since the complement of a projective hyperplane is an affine subspace 
of P, a projective convex set in P turns out to be a convex set in the 
usual sense in some affine subspace of P. The definition of projective 
convex sets is equivalent ly described as follows. 

Theorem 2.1 (de Groot and de Vries O Theorem 4]). A subset SofF 
is a projective convex set if and only if, for any two points in S, exactly 
one of the two line segments joining them is contained in S. 

According to this theorem, the notion of projective convex sets can 
be characterized by only the notion of line segments: we need not refer 
to hyperplanes in order to define convex sets. We could adopt it as the 
definition of projective convex sets. 
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2.2. Local algebraic closure systems. Let X be a set, and let S be 
a family of subsets of X. The family S is called an algebraic closure 
system on X if it has the following three properties: 

(CI) the set X is in S; 

(C2) the intersection of any nonempty subfamily of S is in S; 

(C3) the union of any directed subfamily of S is in S. 

An algebraic closure system is referred to as an alignment, a topped 
algebraic f]-structure , or a convexity by some authors (see Coppel [H 
chapter I], Davey-Priestley [31 p. 150], and Van de Vel [H]). The family 
of convex sets in M" is a typical example of an algebraic closure system. 
An algebraic closure system is known to provide various notions such 
as extreme point, independent set, basis and face. 

We have to take into account that projective convex sets do not form 
an algebraic closure system. Hence, it is worth considering what kind 
of set-system they form. 

Example 1. The family of convex sets in P is not an algebraic closure 
system on P. 

(i) Clearly the whole space P is not convex. 

(ii) For two distinct points in P, the intersection of the two line seg- 
ments joining them is the two-point set. Thus, the intersection 
of two convex sets need not be convex, 
(iii) In P^ = RU{oo}, the union of convex sets P^\ (O, i) for ra e N 
covers the whole space P^, where (O, ^) is an open interval in 
M. Thus, the union of a directed family of convex sets need 
not be convex. 

The following proposition states that the two conditions (C2) and 
(C3) above can be satisfied if a collection J-" of convex sets in P is 
consistent, where J-" is called to be consistent if there exists an affine 
subspace of P containing all members of J-" simultaneously. 

Proposition 2.2. Let S be the family of all convex sets in P. Then 
we have the following two properties: 

(i) the intersection of any nonempty consistent subfamily of S is 

in S; 
(ii) the union of any consistent directed subfamily of S is in S. 

One can say that the family of convex sets in P is a local algebraic 
closure system on P: the whole space P is covered by open affine sub- 
spaces, and "locally" , that is, on each of these open affine subspaces, 
the convex sets form an algebraic closure system. This observation 
leads to the following notion of local algebraic closure systems: 
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Definition 2. Let X be a set, and let iS be a family of subsets of X. 
Then S is called a local algebraic closure system on X if it satisfies the 
two conditions in Proposition I2.2[ where a collection J-" of 5 is called 
to be consistent if there exists a member of S containing all members 
of J-" simultaneously. 

Clearly an algebraic closure system is a local algebraic closure sys- 
tem, however the converse is not true in general as Example [1] shows. 

We remark that the hypothesis of consistency in Proposition I2.2( ii) 
can be dropped for open convex sets: 

Proposition 2.3. The union of any directed family of open convex sets 
is an open convex set. 

Proof. Let J-" be a directed family of open convex sets. For two points 
p, (/ G IJ J-", let U and U' be members of J-" containing p and g, respec- 
tively. Since J-" is directed, there exists a member V oi J^ containing 
both U and U' . Then V contains one of the two line segments joining 
p and q. This line segment is contained in |J J-". 

To prove the uniqueness, assume that \JJ^ contains both of the 
two line segments joining p and q. Then |J J-" contains the whole line 
spanned by p and q. By compactness there exists a member of J-" con- 
taining this whole line. However, this contradicts that every member 
of J-" is convex. We have proved the proposition. D 

2.3. Irreducible convex sets. The notion of irreducible convex sets 
we introduce now appears in studying multi-convex sets: when we have 
a multi-convex set C, we want to associate it with a family S of convex 
sets satisfying C = f] iS; this family iS of C is reduced to another one if 
some element A^ in iS can separate into a pair of strictly greater convex 
sets Ni and N2 satisfying N = Ni H N2; if this reduction terminates, 
then we have such convex sets that can not be the intersection of any 
pair of strictly greater convex sets. One can say that convex sets of 
this kind are irreducible. 

Definition 3. A convex set A is irreducible if, for any convex sets B 
and C, A = BnC implies A = B or A = C. 

In a meet-semilattice, an element a is called to be irreducible if a = 
b A c always implies a = b or a = c (see [31 p. 53] and [7, section 1-3]). 

Theorem 2.4. For a subset C ofF, the following conditions are equiv- 
alent: 

(i) C is an irreducible convex set; 
(ii) C is a maximal convex set; 
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(iii) C is the complement of a projective hyperplane. 

Proof. That (iii) =^ (ii) =^ (i) is trivial. We prove that (i) imphes (iii). 
Assume that C is an irreducible convex set, and not the complement of 
any projective hyperplane. Let A be a maximal affine subspace, which 
is the complement of a hyperplane, of P which contains C. Since C 
is a proper subset of A, clearly the closure of C relative to A is not 
A. Let p be a point in A which is not adherent to C. It is known 
that a closed affine convex set is the intersection of the closed half- 
spaces which contain it (see [131 Theorem 11.5]). Thus we can easily 
derive that there exists an affine hyperplane in A passing through p and 
avoiding C. By extending such an affine hyperplane to the projective 
hyperplane, we have another affine subspace A' of P containing C, 
which avoids p by construction. 

Let us choose an arbitrary point a in C, and let u be an arbitrary 
nonzero vector in A' emanating from o to p. We define the following 
two cones in A': 

"IC = {x + Xue A'\x eC and A > 0} ; 
IC = {x-XueA'\xeC and\>0}. 

Trivially we have C C |C n |C. We prove C ^"[Cn |C. Any point z 
in tCnJ,C has the following two forms: x + Xu and y — X'u for x, y G C, 
A > 0, and A' > 0. Hence, we have y = x + (A + A')ti. This implies that 
the point z lies in the line segment joining x and y which is contained 
in C. Thus we have C = 'fC fl |C. Since p is not adherent to C, 
both '[C and \.C are strictly greater than C. However, these results 
contradict that C is irreducible. Therefore, if C is irreducible, then it 
is the complement of a projective hyperplane. D 

Remark 1. The irreducibility of convex sets can be reduced to the 
irreducibility of open convex sets, where an open convex set A is called 
to be irreducible if, for any open convex set B and C, A = BnC implies 
A = B or A = C. Clearly any irreducible convex set is an irreducible 
open convex set by definition. The converse can be easily proved in a 
similar way to the proof of Theorem 12. 4[ Thus it follows that a subset 
of P is an irreducible open convex set if and only if it is an irreducible 
convex set. Therefore, in order to prove that a given convex set S is 
irreducible, it suffices to prove that S is an irreducible open convex set. 

The projective duality between points and hyperplanes states that 
there exists a natural one-to-one correspondence between points in P 
and hyperplanes in P* (and equivalently between hyperplanes in P and 
points in P*) which reverses the incidence relation: a point p in P lies in 
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a hyperplane /i in P if and only if the point in P* corresponding to h lies 
in the hyperplane in P* corresponding to p. From this correspondence 
and Theorem 12.41 we immediately obtain a one-to-one correspondence 
between points in P and irreducible convex sets in P* (and between 
irreducible convex sets in P and points in P*). 

Notation. When there is no danger of confusion, we denote by 6{p) and 
S{C) the irreducible convex set and the point in P* corresponding to 
a point p and an irreducible convex set C in P, respectively. Similarly 
we denote by 6{p') and 6{C') the irreducible convex set and the point 
in P corresponding to a point p' and an irreducible convex set C in P*, 
respectively. 

Proposition 2.5. For a point p in P and for an irreducible convex set 
C in P, we have the following two properties: 

(i) 5{5{p)) = p and 6{6{C)) = C; 
(ii) the relations p & C and S{C) G d{p) are equivalent. 

This result will be extended to a duality for saturated multi-convex 
sets in Section HI 

2.4. Convex hulls relative to convex sets. A subset 5" of an affine 
space always has a least convex set containing S, which is called the 
convex hull of 5", while a subset S" of P need not: for example, distinct 
two points are connected by distinct two line segments. However, "lo- 
cally", that is, on each convex set containing S, we have the following 
notion of convex hull of S. 

Definition 4. Let C be a convex set in P. For a subset S of C, 
the convex hull [S]^ of S relative to C is a. least convex subset of C 
containing S: 

[S](. = f^{N\N is a convex set satisfying S C N C C} . 

In particular, for two points p and g in a convex set C, we denote by 
[p, q\f-, the line segment joining p and q which is contained in C. 

Proposition 2.6. Let C be a convex set in P. For subsets S and T of 
C , we have the following four properties: 

(i) S C [S]^; 
(ii) S (^T implies [S]^-, C [T]^; 

(iii) [[SUc = [Sy 

(iv) [S]c = [j{[F]c \FCS andF IS finite}. 
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Proof. By Proposition 12.21 the family S of all convex subsets of C is 
an algebraic closure system on C. The first two properties (i) and (ii) 
are trivial. 

(iii) It follows from (CI) and (C2) that [S]^ is in S. Hence we obtain 

[[S]c]c = iS]c- 

(iv) Let T be the family of all convex sets [F]^ such that F is a 

finite subset of S. Clearly we have [S]^ ^ IJ'^- Since S* C IJ7~, we 

derive [S]^ C [[J7~](^ from the property (ii). Since T is directed, its 

union is in S by (C3), which implies [IJ'^c ~ U'^- Thus we have 

[s]c = [jr. □ 

We remark that the proposition above is derived from only the fact 
that convex sets in P form a local algebraic closure system. 

In an affine space, the convex hull of an open set is open, and 
that of a compact set is compact, both of which are essentially due 
to Caratheodory's theorem (see [131 section 17]), although the convex 
hull of a closed set need not be closed: for example, the convex hull of 
S is not closed when S is the union of a closed half-space and a single 
point not on the half-space. Since P is a compact Hausdorff space, a 
closed set in P is compact, and vice versa. Thus we have: 

Proposition 2.7. Let C be a convex set in P. For a subset S of C , 
we have the following two properties: 

(i) if S is closed in P, then the convex hull of S relative to C is 

closed in P; 
(ii) if S is open in P, then the convex hull of S relative to C is 

open in P. 

3. Multi-convex sets and their separation properties 

In this section, we introduce two antithetical notions: components 
and co-components of a multi-convex set. We show two separation 
properties for multi-convex sets, which motivate the notion of saturated 
multi-convex sets in Section HI 

3.1. Multi-convex sets. 

Definition 5. A subset of P is a multi-convex set if it is the intersection 
of a nonempty family of projective convex sets. 



Example 2. Figure 2(c) shows an example of a disconnected multi- 



convex set in P^. Let C and D be two convex sets in P^ such that 



there exists no convex set containing both of them as in Figure 2 (a 



and 2(b) By definition, there exist two hyperplanes which avoid C and 
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(a) 



(b) 



(c) 



Figure 2. (a) A convex set C with a line avoiding C, 
(b) a convex set D with a hne avoiding D, and (c) the in- 
tersection of C and D whose two connected components 
are separated by these two hnes. 

D, respectively. The intersection of C and D consists of two connected 
regions which are separated by two hyperplanes. 

Proposition 3.1. Every connected component of a multi-convex set is 
a convex set. 

Proof. Let C be a multi-convex set, and let {Cj}jg/ be a family of 
convex sets such that C = f]^^jCi. For any two points p,q E C, if 
there exist two members Cj and Cj {i,j G /) such that [p, g]^^. 7^ [p,q]^,, 
then p and q lie in different connected components of Ci fl Cj, hence p 
and q line in different connected components of C. It follows that if p 
and q lie in the same connected component A^ of C, all the segments 
[P) <l\c- (^ ^ ^) coincide. This implies that the line segment is contained 
in A^, joining p and q. Clearly A^ does not contain both of the two line 
segments joining p and q. We have proved the proposition. D 

Note that every connected component of a multi-convex set C is a 
maximal convex subset of C, and vice versa. We introduce the following 
notion of components in terms of order rather than topology: this view 
allows to dualize the notion of components as we shall see later. 

Definition 6. Let C be a multi-convex set. We call every maximal 
convex subset of C a component of C and denote by Cmp (C) the family 
of all components of C. We call the cardinality of Cmp (C) the degree 
of C. 



From Proposition 13. H we immediately derive the following result. 

Corollary 3.2. Let C be a multi-convex set. Then Cmp (C) is a mu- 
tually disjoint family of convex sets such that C = [j Cmp (C). 



MULTI-CONVEX SETS IN REAL PROJECTIVE SPACES 11 

^^ 2 





(a) 



(b) 



(c) 



Figure 3. (a) Three projective lines in general position, 

(b) the complement of the union of these three lines, and 

(c) the disjoint union of all except for the 4th component. 

Remark 2. We have to take into account that a disjoint union of convex 
sets need not be a multi-convex set (see Figure [3]). Let us consider three 
lines in general position in P^. The complement of the union of these 
three lines is a multi-convex set of degree 4, however the disjoint union 
5* of all except for the 4th component is not a multi-convex set. Because 
any convex set containing S is the complement of one of those three 
lines, and the least multi-convex set containing S must contain the 4th 
component. 

Definition 7. Let C be a multi-convex set. We call every minimal con- 
vex set containing C a co- component oi C and denote by Cocmp (C) the 
family of all co-components of C. We call the cardinality of Cocmp (C) 
the co-degree of C. 

Figure |2] shows that C and D are the co-components of the multi- 
convex set C r\ D. 

A collection of convex sets is called to be mutually inconsistent if 
there is no convex set in P containing any pair of convex sets in this 
collection. 

Proposition 3.3. Let C he a multi-convex set. Then Cocmp (C) is a 
mutually inconsistent family of convex sets such that C = {^ Cocmp (C). 

Proof. For two members N,N' G Cocmp (C), if A^ and N' are con- 
tained in some convex set M, then the convex hull [C]^^ of C relative 
to C coincides with both A^ and A^', hence we obtain A^ = A^'. There- 
fore every pair of distinct members in Cocmp (C) is inconsistent. Let 
5 be a family of convex sets such that C = f]S. Clearly we have 
f] Cocmp (C) C p] 5. Conversely we have C C |^ Cocmp (C) by the 
definition of co- components. We have proved C = f] Cocmp (C). D 
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3.2. Separation properties for multi-convex sets. 

Proposition 3.4. Let C be a multi-convex set, and let p be a point not 
in the topological interior int C of C. Then there exists an open convex 
set which contains int C and avoids p. 

Proof. The topology of P has a countable base of open convex sets. 
Hence, there exists a countable family {f/jjigN of open convex sets 
such that int C = IJigN ^*- ^^ introduce the following notation: Ck 
denotes IJi<fc ^«; ^^^ [^fc] denotes the least multi-convex set containing 
Ck, that is, the intersection of all convex sets containing Ck- 

We first prove that there exists a co-component of [Ck] which avoids 
p. Since Ck is open, every minimal convex set containing Ck is open by 
Proposition 12.71 Since Ck consists of finitely many connected compo- 
nents, the number of all minimal convex sets containing Ck is finite. It 
follows that [Ck] is an open multi-convex set of finite co-degree. Since 
[Ck] is an open subset of C, we obtain [Ck] C int C. Since [Ck] is the 
intersection of its co-components, there exists a co-components of [Ck] 
which avoids p. 

We show that, for each A; G N, we can choose a co-component A^^ of 
[Ck] avoiding p in such a way that Ni C N2 ^ ■ ■ ■ . Let us consider the 
following directed graph T: the vertices are the pairs {k, N) , where 
fc G N and A^ is a co-component of [Ck] avoiding p; there exists an edge 
from {k, N) to {k', N') ii k' = k + 1 and N C N'. Then T is a finitely 
branching, infinite, rooted tree. In deed, as we have proved above, for 
each A; G N, there exists a co-component A^ of [Ck] avoiding p, hence 
{k,N) is a vertex of T. For each i < k, the convex hull [Cj]^ of Ci 
relative to A^ is a co-component of [Ci] avoiding p, hence {i, [Cj]^) is 
also a vertex of T. Thus we obtain the following decreasing sequence 
of vertices starting at {k, N): 

{k, N)<-{k- 1, [Cfc_i]^) ^ ■ ■ • ^ (1, [C^]J,) . 

Since the co-component [Ci]^ of Ci coincides with Ui by definition, 
this sequence ends with the root of T. It follows that T is a connected, 
infinite, rooted graph. Since [Ck] is of finite co-degree for all fc G N, the 
graph T is finitely branching. To prove that T is a tree, assume that 
there exists a cycle C in T. Let {k, N) be a vertex in C whose index k is 
maximum among those of all vertices in C. Then we have distinct two 
vertices {k — 1, M) and {k — 1, M') in C adjacent to (fc, A^) such that 
{k - 1, M) -^ {k, N) ^ (A; - 1, M'). Since A^ contains both M and 
M', we obtain M = M', which is a contradiction. We have proved that 
T is a finitely branching, infinite, rooted tree. Konig's lemma states 
that if a finitely branching rooted tree is infinite, then there exists an 
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infinitely long rooted path (see [HI section 3]). Thus we have one. 
Clearly such a path is increasing: 

(l,iVi)^ y{k,Nk)^{k + l,N„+,)^--- . 

The family of all the co-components Ni is totally ordered and consists 
of open convex sets avoiding p. Hence the union IJieN -^« ^^ ^^ open 
convex set avoiding p. Moreover, since Cj C Ni for all i G N, we obtain 
intC = UeNC.CU,,i,iV.. □ 

Proposition 3.5. Let K and L be closed multi-convex sets. Then the 
following conditions are equivalent: 

(i) there exist a co-component of K and a co-component of L which 

are disjoint; 
(ii) there exist disjoint open convex sets U and V such that K (1 U 
and L ^ V. 

Proof. Assume the condition (i). Let {N,M) be a disjoint pair of a 
co-component of K and that of L. Then there exist disjoint two open 
sets 5* and T such that N ^ S and MOT. Let A and B be two 
affine subspaces of P containing A^ and M, respectively. Without loss 
of generality, we can assume S C A and T C B. Let us denote by Va 
the vector space associating to A . From the compactness of N, we 
can derive that there exists an open convex subset W of Va such that 
N + W C S, where N + W := {p + u\p e N and u G W}. Then the 
open convex set U := N -\- W satisfies A^ C f/ C S*. Similarly, we have 
an open convex set y in P such that M C y C T. Clearly U and V 
are disjoint. 

Conversely, assume the condition (ii). Then [K]jj and [L]y are co- 
components of K and L, respectively. Since U and V are disjoint, [K]jj 
and [L]y are disjoint. D 



4. Saturated multi-convex sets and their duality 

In this section, we introduce the notion of saturated multi-convex 
sets, and show that a subset 5* of P is a saturated multi-convex set if 
and only if S is the intersection of a nonempty family of irreducible 
convex sets containing S. We derive a duality for saturated multi- 
convex sets: there exists an order anti-isomorphism between nonempty 
saturated multi-convex sets in P and those in P*. Moreover, we show 
that the notion of components and that of co-components are reversed 
through this duality. 
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4.1. Saturated multi-convex sets. We introduce a class of multi- 
convex sets with the following separation property: 

Definition 8. A multi-convex set S* of P is saturated if, for each point 
p not in S, there exists an open convex set containing S and avoiding 
P- 

Note that a subset of P is a saturated multi-convex set if and only if 
it is the intersection of a nonempty family of open convex sets. 

From the two separation properties in the previous section, we can 
immediately deduce the following two corollaries. 

Corollary 4.1. The interior of a multi-convex set is a saturated multi- 
convex set. 

Note that the closure of a multi-convex set need not even be a multi- 
convex set: for example, the closure of the intersection of finitely many 
irreducible convex sets is the whole space. 

Corollary 4.2. An open or closed multi-convex set is saturated. 

In Subsection 14.31 we will see examples of multi-convex sets which 



are not saturated (see Figure 4(b) and 4(c) ). 



In Subsection l2.3l we mentioned the reduction of families S of convex 
sets satisfying C = f]S ior a multi-convex set C. We now want to know 
when a multi-convex set is the intersection of such a family of convex 
sets that can not be reduced any more, that is, the intersection of 
irreducible convex sets. In deed, it is saturated one as we show now: 

Lemma 4.3. Let C be a saturated multi-convex set, and letp be a point 
not in C . Then there exists an irreducible convex set which contains C 
and avoids p. 

Proof. Let J-" be the family of all open convex sets that contains C 
and avoids p. By Proposition 12. 3[ the union of any nonempty totally 
ordered subfamily of J-" is an open convex set. Clearly this open convex 
set avoids p, hence it belongs to J-". By Zorn's lemma, there exists a 
maximal member A in J-". We prove that A is an irreducible convex 
set. By Remark [H it suffices to prove that A is an irreducible open 
convex set. Assume the opposite. Then there exist strictly greater 
open convex sets B and C such that A = B (1 C. By the maximality 
of A, both B and C contain p, hence A also contains p. This is a 
contradiction. We have proved the lemma. D 

Theorem 4.4. A subset SofFisa saturated multi-convex set if and 
only if S is the intersection of a nonempty family of irreducible convex 
sets containing S. 
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Proof. Since an irreducible convex set is open, the sufficiency of the con- 
dition is satisfied. The necessity immediately follows from Lemma 14.31 

D 

4.2. A duality for saturated multi-convex sets. Recall that there 
exists a natural one-to-one correspondence between irreducible convex 
sets in P and points in P* (see Proposition 12. 5p . Given a saturated 
multi-convex set C in P, this correspondence allows to transform the 
family of all irreducible convex sets containing C into a set of points in 
P*. 

Definition 9. We define the following function $: 2"^ — )■ 2^^*, 

$(5) = {S{C) G P* I C is an irreducible convex set in P containing S} , 

where S denotes the one-to-one correspondence between irreducible 
convex sets in P and points in P*. In the same way, we have a function 
from 2^^* to 2^ and denote it by the same symbol $ when there is no 
danger of confusion. 

The following proposition states that $ is a Galois connection be- 
tween the poset 2^^ ordered by the inclusion and the poset 2^* ordered 
by the reserve inclusion (see Subsection ll.il) . 

Proposition 4.5. (i) The functions $: 2"^ -)■ 2"^* and $: 2^^* -)■ 

2^^ are antitone. 
(ii) The relations S C $(T) and T C $(<5') are equivalent for all 
pairs {S,T) €2^x2^*. 

Proof. The part (i) is trivial. The part (ii) is proved as follows: 

S C $(T) ^^ T C 6{p) for all points peS 

<^==^ q G 6{p) for all points p & S and q eT 

<^==^ p G 6{q) for all points q E T and p E S 

<^=^ S C 5{q) for all points q E T 

^^rc$(5). 

Note that 6{p) and 6{q) denote the irreducible convex sets correspond- 
ing to p and q, respectively. D 

Proposition 4.6. For a family {Si}ifzj of subsets ofF, we have the 
following two properties: 
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Proof, (i) p G $(U.e7 S,) ^ Jie/ S, C 5{p) ^ S, C S{p) for alH G / ^ 

(ii) Since $ is antitone, we obtain ^{f]i(zj Si) 3 '^('5'j) for all j G /. 
Hence we obtain $(nie/ '^i) ^ Uje/ *('5'i)- ^ 

In the part (ii) above, both sides of the relation do not coincide 
in general, however if the family of convex sets consists of the co- 
components of some multi-convex set, then both sides of it coincide. 

Proposition 4.7. For a multi-convex set C in P, we have 

$(p| Cocmp {C)) = [j mN) I A^ G Cocmp (C)} . 

Proof. By Propositioi j4.6( ii) . it suffices to prove $(f] Cocmp (C)) C 
U {^{N) I A^ G Cocmp (C)}. Let p be a point in ^{f] Cocmp (C)). Re- 
call that 5{p) is an irreducible convex set in P containing f] Cocmp (C). 
Since C is the intersection of its co- components, we obtain C C d{p). 
The convex hull [C']5(„) of C relative to 6{p) is a co-component of C, 
which implies that the point p belongs to '^([C']5(„))- Hence the point 
JO belongs to [J{<I>(A^) I A^ G Cocmp (C)}. D 

Notation. Let |-] be an abbreviation for $ o $. We call the set {SJ the 
saturation of a subset S" of P (or P*). 

Since $ establishes a Galois connection, we immediately obtain the 
following result (see Theorem II .ip . 

Proposition 4.8. For subsets S and T of F, we have the following 
four properties: 

(i) SClSj; 

(ii) SCT implies IS j C |T]; 
(iii) IISll = ISj; 
(iv) |$(5)1 = $(5). 

Proposition 4.9. For a subset S of P, the following conditions are 
equivalent: 

(i) S is a saturated multi-convex set; 
(ii) S is a proper subset o/P and {SJ = S. 

Proof We first prove $ o $(5') = f] {5{q) \ q G $(5*)}: 
j9 G $ o $(S) ^^ $(5) C 5{p) 

<^==^ q G 6{p) for all points q G $(<S') 
<^=^ p G S{q) for all points q G $(S') 

^^pef|{%)ke<l>(5)}. 
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Note that S{p) and 6{q) denote the irreducible convex sets correspond- 
ing to p and q, respectively. 

Assume the condition (i). Then S is clearly a proper subset of P. By 
Theorem 14.41 the set 5" is the intersection of all irreducible convex sets 
containing S. Recall that $(5") is the set of points in P* corresponding 
to the family of all irreducible convex sets containing 5* in P. Thus we 
derive S = f] {S{q) \ q G $(5)} = $ o $(S) = {Sj. 

Conversely assume the condition (ii). Then we obtain S = {SJ = 
$ o $(5') = f]{S{q)\q E $(5')}. Hence 5" is the intersection of a 
nonempty family of irreducible convex sets. By Theorem 14. 4[ the set 
S" is a saturated multi-convex set. D 

Note that we have the corresponding results in P* of the preceding 
four propositions in P, although we omit the statements. 

Theorem 4.10. The function $ is an order anti-isomorphism between 
nonempty saturated multi-convex sets in P and those in P*. 

Proof. Let S" be a nonempty saturated multi-convex set in P. We prove 
that $(<5') is a nonempty saturated multi-convex set in P*. By Propo- 
sition |13!^iv), we have |$(5')] = $(<S'). Clearly $(5*) is a proper subset 
of P*. By the corresponding result in P* of Proposition 14.91 we de- 
duce that $(<S') is a saturated multi-convex set in P*. Clearly $(5) is 
nonempty. Similarly we can prove that $ : 2^^* — )■ 2^^ sends a nonempty 
saturated multi-convex set in P* to a nonempty saturated multi-convex 
set in P. 

By Proposition 14. 9^ we have $ o $(S') = S for all saturated multi- 
convex sets 5* in P (or P*). This implies that $ is a bijection between 
nonempty saturated multi-convex sets in P and those in P*. D 

Remark 3. In a complex projective space, the notion of linearly convex 
sets has been studied in ^12] and ^l9j. Let us introduce the notion of 
linearly convex sets in a real projective space P. We first define the 
following function / from 2^ to 2'''* : 

S t-T- f{S) = {w* eF* \w is a. hyperplane in P avoiding S} , 

where w* denotes the point in P* corresponding to the hyperplane w in 
P through the projective duality. In the same way, we have a function 
from 2^* to 2^ and denote it by the same symbol /. Then a subset S 
of P is linearly convex if / o f[S) = S. By Theorem 12.41 the function / 
turns out to coincide with $, and by Proposition 14. 9[ a subset of P is a 
saturated multi-convex set if and only if it is a linearly convex, proper 
subset of P. 
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4.3. Components versus co-components. As expected, the func- 
tion $ preserves the convexity, and furthermore $ interchanges the 
openness and the closedness of convex sets. 

Proposition 4.11. For a nonempty subset S o/P, we have the follow- 
ing three properties: 

(i) if S is a convex set, then $(>S) is a convex set; 
(ii) if S is an open convex set, then $(5") is a closed convex set; 
(iii) if S is a closed convex set, then $(5*) is an open convex set. 

Proof. Let P be the n-dimensional projective space associated with an 
(n + l)-dimensional vector space V, and let P* be the dual projective 
space of P. Let S* be a convex set in P. We can take an affine hyperplane 
A in V such that A avoids the origin of V and S C 7i{A), where n 
denotes the projection of y \ {0} onto P (see Subsection II. ip . Then S 
is identified with a convex set in the affine space A. 

(i) For distinct two points p,q E ^{S), let K and L be 1-dimensional 
linear subspaces of V* such that 7r{K) = p and vr(L) = q. Note that 
the orthogonal complements K^ and L-*- are distinct n-dimensional 
linear subspaces of V. The intersection of K-^ and L-*- is an (n — 1)- 
dimensional linear subspace of V, hence the set of all n-dimensional 
linear subspaces of V containing K-^ n L-*- forms a projective line in 
P*. Among those n-dimensional linear subspaces of V, the set of all n- 
dimensional linear subspaces of V meeting S is mapped to an interval 
in P*. Since both of p and q lie in the complement of the interval, one 
of the two line segments joining p and q are contained in "^((S), but the 
other is not. We have proved the property (i). 

(ii) Let T{S) be the set of all orthogonal complements W-^ such that 
W is an n-dimensional linear subspace of V meeting S. Then T{S) is 
a subset of P*. Since 5" is open in the affine space A, we can derive that 
T{S) is open. The set T{S) is the complement of $(5"), hence $(5') is 
closed. By the property (i), the set $(5") is convex. 

(iii) Note that $(<5') coincides with the set of all orthogonal com- 
plements W-^ such that W is an n-dimensional linear subspace of V 
avoiding S. Since S is compact in the affine space A, we can derive 
that ^{S) is open. By the property (i), the set $(5") is convex. D 

We call a convex set to be saturated if it is saturated as a multi-convex 

set. 

Corollary 4.12. The function $ is an order anti-isomorphism between 
nonempty saturated convex sets in P and those in P* which interchanges 
the openness and the closedness of convex sets. 
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Figure 4. The multi-convex set illustrated in Figure 
(a) is saturated, while its co- components illustrated in 
Figure (b) and (c) are not saturated. 



Moreover, $ interchanges the openness and the closedness of multi- 
convex sets. 

Proposition 4.13. The function $ sends a nonempty open multi- 
convex set to a closed multi-convex set, and a nonempty closed multi- 
convex set to an open multi-convex set. 

Proof. Let C be a nonempty open multi-convex set in P. We ob- 
tain $(C) = <I>(U Cmp (C)) = fl {$(A^) I A^ e Cmp (C)} from Propo- 
sition |4l6](i)- Since every component A^ of C is an open convex set, 
$(A^) is a closed convex set. Thus $(C) is a closed multi-convex set. 

Let C be a nonempty closed multi-convex set in P. We obtain 
^(C) = $(nCocmp (C)) = [Ji^iN) I A^ G Cocmp (C)} from Propo- 
sition |1]T1 Then we can similarly prove that $(C) is an open multi- 
convex set in P*. n 

For a saturated multi-convex set C in P, let us consider the following 
two statements: 

(1) every component of C is saturated; 

(2) every co-component of C is saturated. 

The statement (1) is clearly true, however the statement (2) is not in 
general: for example, the multi-convex set illustrated in Figure 4(a 



saturated, while its co-components illustrated in Figure 4(b) and 4(c 



IS 



are not saturated. Thus the function $ need not establish a bijection 
between Cocmp (C) and Cmp ($(C)) (and similarly between Cmp (C) 
and Cocmp ($(C))). However, if C is open or closed, then every co- 
component of C is open or closed, hence every co-component of C is 
saturated. Thus we have: 
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Proposition 4.14. Let C be a nonempty open or closed multi-convex 
set in P. Then ^ is a bijection between Cmp (C) and Cocmp ($(C)), 
and between Cocmp (C) and Cmp ($(C)). 

Proof. Clearly every component of C is saturated. By Corollary I4.12[ 
the function $ is a bijection between components of C and minimal 
saturated convex sets containing $(C). By Proposition I4.13[ the set 
$(C) is an open or closed multi-convex set in P*. Thus every co- 
component of $(C) is saturated. Hence minimal saturated convex sets 
containing $(C) are the co-components of $(C). Thus $ is a bijection 
between Cmp (C) and Cocmp ($(C)). Similarly we can prove that $ 
is a bijection between Cocmp (C) and Cmp ($(C)). D 

For a nonempty saturated multi-convex set C, even if $ is not a 
bijection between Cmp (C) and Cocmp ($((7)), the pair of the following 
functions derived from $ establishes a bijection between them. 

Theorem 4.15. Let C be a nonempty saturated multi-convex set in P. 
Then the pair of the following functions is a bijection between Cmp (C) 
and Cocmp ($(C)).- 

■^ : Cmp (C) ^ Cocmp ($(C)) , iV ^ [$(C)]$(^) ; 

■^: Cocmp ($(C)) ^Cmp(C), M ^-> <I>(|M]). 

Proof. We first prove (A^'^)'^ = A^ for all components A^ of C. By Corol- 
lary I4.12[ the set <I>(A^) is a minimal saturated convex set containing 
$(C). Clearly it is a saturation of the convex hull ["^(C*)]^/^-) of $(C) 
relative to $(A^), and we obtain 

Since A^ is saturated, we derive N = ^o $(A^) = $(|A^^1) = (A^^)^. 

All that remains is to prove {M'^Y = M for all co-components M of 
$(C). Wehave'l'o^dM]) = |M]. Thus we derive {M^f = [$(C)]j^^j. 
Both [$(C)]|^^|i and M are co-components of $(C) and are contained 
in |M]. This implies [$(C)]jj^,^j = M. Hence we have (M^)^ = M. D 

In the same way, we have a bijection between between Cocmp (C) 
andCmp($(C)). 
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